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Àííîòàöèÿ

�àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ äâóõ íåèçâåñòíûõ �óíê-

öèé σ0(x) è σ1(x), âõîäÿùèõ â êîý��èöèåíò ïîãëîùåíèÿ σ(x, u2) =

σ0 + σ1u
2
â óðàâíåíèè ýëåêòðîäèíàìèêè. Ïîëó÷åíà àïðèîðíàÿ îöåíêà

ðåøåíèÿ ïðÿìîé çàäà÷è, äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ðåøåíèé ïðÿìîé è îáðàòíîé çàäà÷.

Êëþ÷åâûå ñëîâà è �ðàçû

íåëèíåéíîå óðàâíåíèå, ýëåêòðîäèíàìèêà, îáðàòíàÿ çàäà÷à, ëîêàëüíîå

ñóùåñòâîâàíèå.
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t
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luded in the absorption 
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2
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� 1. Ââåäåíèå è ïîñòàíîâêè çàäà÷

Îáðàòíûå çàäà÷è îá îïðåäåëåíèè êîý��èöèåíòîâ â íåëèíåéíûõ ãèïåð-

áîëè÷åñêèõ óðàâíåíèÿõ èëè ñèñòåìàõ èíòåíñèâíî èçó÷àþòñÿ â ïîñëåäíèå

ãîäû.

Â ðàáîòàõ [1℄�[3℄ èññëåäîâàíû çàäà÷è, â êîòîðûõ âîëíîâîé îïåðàòîð

ðàññìàòðèâàåòñÿ íà ëîðåíöåâîì ìíîãîîáðàçèè, à ñàìî óðàâíåíèå ÿâëÿåòñÿ

êâàçèëèíåéíûì. Ïðè ýòîì èçó÷åíû çàäà÷è îá îïðåäåëåíèè ëèáî ëîðåíöå-

âîé ìåòðèêè, ëèáî êîý��èöèåíòîâ ïðè íåëèíåéíîñòÿõ. Â [4℄�[9℄ èçó÷åíû
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îáðàòíûå çàäà÷è îá îïðåäåëåíèè êîý��èöèåíòà ïðè ìëàäøåì íåëèíåé-

íîì ÷ëåíå âîëíîâîãî óðàâíåíèÿ. Â ðàáîòå [10℄ ðàññìîòðåíà îäíîìåðíàÿ

îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ êîý��èöèåíòà ïðè ñòåïåííîé ãðàäèåíòíîé

íåëèíåéíîñòè. Äîêàçàíà òåîðåìà î ëîêàëüíîì ñóùåñòâîâàíèè å¼ ðåøåíèÿ

è íàéäåíà îöåíêà óñòîé÷èâîñòè ðåøåíèÿ. Â [11℄ ðàññìàòðèâàåòñÿ ãèïåð-

áîëè÷åñêîå óðàâíåíèå ñ ïåðåìåííîé ãëàâíîé ÷àñòüþ è íåëèíåéíîñòüþ â

ìëàäøåì ÷ëåíå. Ïîêàçûâàåòñÿ, ÷òî ðåøåíèå îáðàòíîé çàäà÷è ñâîäèòñÿ ê

íåêîòîðîé çàäà÷å èíòåãðàëüíîé ãåîìåòðèè. Ýòà çàäà÷à èçó÷åíà è íà å¼

îñíîâå, óñòàíîâëåíà îöåíêà óñòîé÷èâîñòè ðåøåíèÿ ðàññìàòðèâàåìîé îá-

ðàòíîé çàäà÷è. Â ðàáîòå [12℄ äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà, ñîäåðæàùåãî äâà íåëèíåéíûõ ÷ëåíà, èçó÷åíà îáðàòíàÿ çàäà÷à

çàêëþ÷àþùàÿñÿ î îïðåäåëåíèè êîý��èöèåíòîâ ïðè íåëèíåéíîñòÿõ. �àñ-

ñìàòðèâàåìàÿ îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê äâóì ïîñëåäîâàòåëüíî ðåøàå-

ìûì çàäà÷àì èíòåãðàëüíîé ãåîìåòðèè. Äëÿ ýòèõ çàäà÷ íàéäåíû îöåíêè

óñòîé÷èâîñòè ðåøåíèé.

Â ðàáîòàõ [13℄�[20℄ ðàññìàòðèâàëèñü ðàçëè÷íûå ïîñòàíîâêè îáðàòíûõ

çàäà÷ äëÿ óðàâíåíèé ýëåêòðîäèíàìèêè. Â [16℄ ñ ïîìîùüþ âàðèàöèîííûõ

ìåòîäîâ ðàññìàòðèâàåòñÿ êëàññ ñèñòåì Êëåéíà � �îðäîíà � Ìàêñâåëëà ñ

òèïîì âîãíóòî�âûïóêëîé íåëèíåéíîñòè. Íåèçâåñòíûìè â ñèñòåìå ÿâëÿþò-

ñÿ ïîëå u, ñâÿçàííîå ñ ÷àñòèöåé, è ýëåêòðè÷åñêèé ïîòåíöèàë φ. Èññëåäîâàí
âîïðîñ ñóùåñòâîâàíèÿ ðåøåíèÿ â çàâèñèìîñòè îò ïàðàìåòðà, âõîäÿùåãî â

óðàâíåíèå. Â [18℄ ðàññìàòðèâàåòñÿ àáñòðàêòíàÿ çàäà÷à Êîøè äëÿ ñèñòåìû

Ìàêñâåëëà, ìîäåëèðóþùàÿ ýëåêòðîìàãíèòíûå ïîëÿ ïðè íàëè÷èè ãðàíè-

öû ðàçäåëà ìåæäó îïòè÷åñêèìè ñðåäàìè. Â ðàáîòå â ðàìêàõ ýâîëþöèîí-

íûõ óðàâíåíèé äîêàçûâàåòñÿ êîððåêòíîñòü â �óíêöèîíàëüíûõ ïðîñòðàí-

ñòâàõ, ýêñïîíåíöèàëüíî âçâåøåííûõ âî âðåìåíè è èìåþùèõ ðàçëè÷íóþ

ïðîñòðàíñòâåííóþ ðåãóëÿðíîñòü. Â [19℄ ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà-

÷à îá îïðåäåëåíèè ïåðåìåííîãî êîý��èöèåíòà ïðîâîäèìîñòè äëÿ ñèñòåìû

óðàâíåíèé ýëåêòðîäèíàìèêè ñ íåëèíåéíîé ïðîâîäèìîñòüþ. Â êà÷åñòâå èí-

�îðìàöèè äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è çàäàåòñÿ ìîäóëü âåêòîðà ýëåêòðè-

÷åñêîé íàïðÿæåííîñòè ïîëÿ äëÿ íåêîòîðîãî äèàïàçîíà íàïðàâëåíèé ïàäà-

þùåé ïëîñêîé âîëíû è äëÿ ìîìåíòîâ âðåìåíè, áëèçêèõ ê ïðèõîäó âîëíû

â òî÷êè ïîâåðõíîñòè øàðà, âíóòðè êîòîðîãî ñîäåðæèòñÿ íåîäíîðîäíîñòü.

Ïîêàçûâàåòñÿ, ÷òî ýòà èí�îðìàöèÿ ïðèâîäèò îáðàòíóþ çàäà÷ó ê çàäà÷å

ðåíòãåíîâñêîé òîìîãðà�èè, àëãîðèòìû ÷èñëåííîãî ðåøåíèÿ êîòîðîé õîðî-

øî ðàçðàáîòàíû. Â ðàáîòå [20℄ èññëåäîâàíà îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ

äâóõ íåèçâåñòíûõ �óíêöèé σ0(x) è σ1(x), âõîäÿùèõ â êîý��èöèåíò ïîãëî-
ùåíèÿ σ(x, u) = σ0(x) + σ1(x)u â óðàâíåíèè ýëåêòðîäèíàìèêè. Äîêàçàíû

òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé ïðÿìîé è îáðàòíîé çà-

äà÷.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à äëÿ îäíîìåðíî-
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ãî óðàâíåíèÿ ýëåêòðîäèíàìèêè ñ íåëèíåéíûì êâàäðàòè÷íûì ïîãëîùåíèåì

âèäà σ(x, u2) = σ0(x) + σ1(x)u
2
. �àíåå ýòà çàäà÷à íèêåì íå èññëåäîâàëàñü.

Íèæå ìû �îðìóëèðóåì ïîñòàíîâêó ïðÿìîé è îáðàòíûõ çàäà÷. Â ñëåäóþ-

ùåì ðàçäåëå èçó÷àåòñÿ ïðÿìàÿ çàäà÷à, óñòàíàâëèâàåòñÿ òåîðåìà î ñóùå-

ñòâîâàíèè è åäèíñòâåííîñòè å¼ ðåøåíèÿ. Çàòåì ðàññìàòðèâàåòñÿ îáðàòíàÿ

çàäà÷à, ñòðîèòñÿ çàìêíóòàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

çàäà÷è, äîêàçûâàåòñÿ òåîðåìà îá îäíîçíà÷íîé ëîêàëüíîé ðàçðåøèìîñòè

ýòîé ñèñòåìû óðàâíåíèé.

�àññìîòðèì óðàâíåíèÿ

utt + (σ0 + σ1u
2)ut − uxx = 0, x > 0, t ∈ [0, T ],

u|x=0 = A, t ∈ [0, T ]; u|t=0 = ut|t=0 = 0,
(1)

â êîòîðûõ A è T � ïîëîæèòåëüíûå ÷èñëà; σ(x, u2) = σ0 + σ1u
2
, ãäå σ0(x),

σ1(x) � ïîëîæèòåëüíûå ãëàäêèå �óíêöèè.

Óðàâíåíèå (1) âîçíèêàåò ïðè îïèñàíèÿ ýëåêòðîìàãíèòíûõ âîëí ðàñïðî-

ñòðàíÿþùèõñÿ âäîëü îñè x â ñëó÷àå, êîãäà ñèëà òîêà íåëèíåéíî çàâèñèò

îò ýëåêòðè÷åñêîãî íàïðÿæåíèÿ (ñì. Ïðèëîæåíèå).

Ïðÿìàÿ çàäà÷à. Â îáëàñòè GT = {(x, t) | x > 0, t > 0, x + t 6 T}
íàéòè �óíêöèþ u(x, t) ïðè ïîñòîÿííûõ T , A è çàäàííûõ �óíêöèÿõ σ0(x),
σ1(x).

Îáîçíà÷èì u(x, t, A) � ðåøåíèå ïðÿìîé çàäà÷è.

Îáðàòíàÿ çàäà÷à. Íàéòè �óíêöèè σ0(x), σ1(x) äëÿ x ∈ [0, T/2] ïî
çàäàííûì �óíêöèÿì

fm(t) = ux(0, t, Am), t ∈ [0, T ], m = 1, 2, (2)

ïðè A1 6= A2.

� 2. Èññëåäîâàíèå ïðÿìîé çàäà÷è

�åøåíèå ïðÿìîé çàäà÷è u(x, t) = 0 äëÿ 0 < t < x < T − t. Ïðåäñòàâèì
u(x, t) â âèäå

u(x, t) = θ0(t− x)[α(x) + û(x, t)], x > 0, t > 0, x+ t 6 T, (3)

ãäå θ0(t) � �óíêöèÿ Õåâèñàéäà è û(x, x + 0) = 0. Ïîäñòàâëÿÿ (3) â (1) è

ïðèðàâíèâàÿ íóëþ êîý��èöèåíò ïðè δ(t − x), ïîëó÷èì ñîîòíîøåíèÿ äëÿ

íàõîæäåíèÿ �óíêöèè α(x)

2α′(x) + [σ0(x) + σ1(x)α
2(x)]α(x) = 0, α(0) = A. (4)
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Îòñþäà ìîæåì çàïèñàòü óðàâíåíèå

−2α′(x)

α3(x)
=

σ0(x)

α2(x)
+ σ1(x),

êîòîðîå â òåðìèíàõ �óíêöèè y(x) := 1/α2(x) ïðèíèìàåò âèä

y′(x) = σ0(x)y(x) + σ1(x).

�åøåíèå ýòîãî ëèíåéíîãî óðàâíåíèÿ ñ óñëîâèåì y(0) = 1/A2
äà¼òñÿ �îð-

ìóëîé

y(x) =

[
1

A2
+

x∫

0

σ1(ξ) exp

(
−

ξ∫

0

σ0(ξ1) dξ1

)
dξ

]
exp

( x∫

0

σ0(ξ) dξ

)
.

Îòñþäà íàõîäèì

α(x) = u(x, x+ 0) =

=

{[
1

A2
+

x∫

0

σ1(ξ) exp

(
−

ξ∫

0

σ0(ξ1) dξ1

)
dξ

]
exp

( x∫

0

σ0(ξ) dξ

)}
−1/2

. (5)

Â ñèëó ñäåëàííîãî âûøå ïðåäïîëîæåíèÿ î ïîëîæèòåëüíîñòè σ1(x), �óíê-
öèÿ α(x) îïðåäåëåíà ïðè âñåõ x ∈ [0, T/2].

Ââåäåì �óíêöèè

v(x, t) = ut(x, t) + ux(x, t), w(x, t) = ut(x, t)− ux(x, t),

ϕ(x, t) = ut(x, t) =
v(x, t) + w(x, t)

2
.

(6)

Òîãäà â îáëàñòè GT âûïîëíÿþòñÿ ñîîòíîøåíèÿ

vt − vx + σ(x, u2)ϕ = 0, v|t=x = α′(x);

wt + wx + σ(x, u2)ϕ = 0.
(7)

Èíòåãðèðóÿ ïåðâîå óðàâíåíèå (7) íà ïëîñêîñòè ïåðåìåííûõ ξ, τ âäîëü îò-

ðåçêà ïðÿìîé ëèíèè τ+ξ = t+x îò òî÷êè (x, t) äî òî÷êè ((x+t)/2, (x+t)/2)
è ó÷èòûâàÿ ãðàíè÷íîå óñëîâèå ïðè τ = ξ, íàõîäèì óðàâíåíèå äëÿ �óíêöèè

v(x, t):

v(x, t) = α′((x+ t)/2)−
t∫

(x+t)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t+x−τ dτ,

(x, t) ∈ GT . (8)
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Àíàëîãè÷íî, èíòåãðèðóÿ âòîðîå óðàâíåíèå (7) âäîëü îòðåçêà ïðÿìîé

ëèíèè τ − ξ = t− x îò òî÷êè (0, t− x) äî òî÷êè (x, t), íàõîäèì óðàâíåíèå

äëÿ �óíêöèè w(x, t):

w(x, t) = w(0, t− x)−
t∫

t−x

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=x−t+τ dτ.(x, t) ∈ GT . (9)

Òàê êàê ut(0, t) = 0, òî èç (6) ñëåäóåò, ÷òî w(0, t) = −v(0, t). Èñïîëüçóÿ
ýòî ðàâåíñòâî è (8), íàéä¼ì

w(0, t− x) = −v(0, t− x) =

= −α′((t− x)/2) +

t−x∫

(t−x)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t−x−τ dτ, t ∈ [0, T/2].

Òîãäà óðàâíåíèå (9) ìîæíî çàïèñàòü â âèäå:

w(x, t) = −α′((t− x)/2) +

t−x∫

(t−x)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t−x−τ dτ−

−
t∫

t−x

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=x−t+τ dτ, (x, t) ∈ GT . (10)

Ñêëàäûâàÿ óðàâíåíèÿ (8) è (10) è äåëÿ ðåçóëüòàò íà 2, ïîëó÷àåì óðàâ-

íåíèå äëÿ �óíêöèè ϕ(x, t):

ϕ(x, t) =
α′((x+ t)/2)− α′((t− x)/2)

2
+

+
1

2

t−x∫

(t−x)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t−x−τ dτ−

− 1

2

t∫

t−x

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=x−t+τ dτ−

− 1

2

t∫

(x+t)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t+x−τ dτ, (x, t) ∈ GT . (11)
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Äîáàâèì ê óðàâíåíèþ (11) óðàâíåíèå äëÿ �óíêöèè u(x, t). Îíî èìååò
âèä

u(x, t) = α(x) +

t∫

x

ϕ(x, τ) dτ, (x, t) ∈ GT . (12)

Óðàâíåíèÿ (11) è (12) îáðàçóþò çàìêíóòóþ ñèñòåìó óðàâíåíèé äëÿ

îïðåäåëåíèÿ �óíêöèé ϕ(x, t) è u(x, t) â îáëàñòè GT . Çàìåòèì, ÷òî â óðàâ-

íåíèè (12) σ(x, u2) = σ0(x) + σ1(x)u
2(x, t).

Äëÿ ñèñòåìû (11), (12) èìååò ìåñòî ñëåäóþùàÿ

Ëåììà 1 (Àïðèîðíàÿ îöåíêà ðåøåíèÿ). Ïóñòü �óíêöèè σ0(x) è
σ1(x) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

σ0 ∈ C([0, T/2], σ1 ∈ C([0, T/2],

0 < σ0(x) 6 η, 0 < σ1(x) 6 η, x ∈ [0, T/2],
(13)

â êîòîðûõ η � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî. Ïóñòü, êðîìå òîãî, âûïîë-

íåíî óñëîâèå

0 < A 6
2

3e2ηT − 1
. (14)

Òîãäà, åñëè â îáëàñòè GT ñóùåñòâóåò íåïðåðûâíîå ðåøåíèå óðàâíåíèé (5),

(6), òî äëÿ íåãî âûïîëíÿþòñÿ îöåíêè

|u(x, t)| 6 1,

|ut(x, t)| = |ϕ(x, t)| 6 3Aηe2ηt 6 3Aηe2ηT =: A0, (x, t) ∈ GT .
(15)

Äîêàçàòåëüñòâî. Èç �îðìóëû (5) è óñëîâèé (13) ñëåäóåò íåðàâåíñòâ

0 < α(x) 6 A, à èç óðàâíåíèÿ (4) íàõîäèì, ÷òî

|α′(x)| 6 η(1 + A2)A/2 =: B.

Ââåä¼ì ìíîæåñòâà

Σ(t) = {x| x ∈ [0, T/2− |t− T/2|]} t ∈ [0, T ]

è îáîçíà÷èì

ϕ∗(t) := max
x∈Σ(t)

|ϕ(x, t)|.

Èç óðàâíåíèé (11), (12) ñëåäóþò íåðàâåíñòâà

|u(x, t)| 6 A+

t∫

0

ϕ∗(τ) dτ =: J(t),
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ϕ∗(t) 6 B + η

t∫

0

(
1 + J2(τ)

)
ϕ∗(τ) dτ 6 B + ηJ(t) + ηJ3(t).

Â ñèëó óñëîâèÿ (14), A < 1. Òîãäà B 6 ηA. Ïðåäïîëîæèì, ÷òî J(T )61
(â äàëüíåéøåì ìû ïîêàæåì, ÷òî ýòî ïðåäïîëîæåíèå âûïîëíåíî, åñëè âû-

ïîëíåíî (14)). Ïðè ýòîì J3(t) 6 J(t) äëÿ âñåõ t ∈ [0, T ]. Ïðåäûäóùåå
íåðàâåíñòâî äëÿ ϕ∗(t) ìîæíî òîãäà çàïèñàòü â âèäå

ϕ∗(t) 6 ηA+ 2ηJ(t), t ∈ [0, T ].

Îòñþäà ïîëó÷àåì, ÷òî

J ′(t) = ϕ∗(t) 6 ηA+ 2ηJ(t), t ∈ [0, T ]; J(0) = A.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî

J(t) 6
A

2

(
3e2ηt − 1

)
, t ∈ [0, T ].

Ñäåëàííîå âûøå ïðåäïîëîæåíèå, ÷òî J(T ) 6 1 ïðèâîäèò ê óñëîâèþ

A 6
2

3e2ηT − 1
,

êîòîðîå ñîâïàäàåò ñ óñëîâèåì (14). Ñëåäîâàòåëüíî, ñäåëàííîå âûøå ïðåä-

ïîëîæåíèå J(T ) 6 1 âåðíî. Òîãäà äëÿ ϕ∗(t) èìååò ìåñòî îöåíêà

ϕ∗(t) 6 3Aηe2ηt, t ∈ [0, T ], (16)

èç êîòîðîé âûòåêàåò âòîðàÿ îöåíêà (15). Ïåðâàÿ îöåíêà (15) ÿâëÿåòñÿ ñëåä-

ñòâèåì íåðàâåíñòâà |u(x, t)| 6 J(T ) 6 1. �

Òåîðåìà 1 (åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ). Ïóñòü

�óíêöèè σ0(x) è σ1(x) è ÷èñëî A óäîâëåòâîðÿþò óñëîâèÿì ëåììû 1. Òîãäà
â îáëàñòè GT ñóùåñòâóåò åäèíñòâåííîå íåïðåðûâíî-äè��åðåíöèðóåìîå ðå-

øåíèå ïðÿìîé çàäà÷è.

Äîêàçàòåëüñòâî. �àññìîòðèì äëÿ ñèñòåìû óðàâíåíèé (12) è (13) ïî-

ñëåäîâàòåëüíûå ïðèáëèæåíèÿ

ϕ0(x, t) =
α′((x+ t)/2)− α′((t− x)/2)

2
, (x, t) ∈ GT ,

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 63-94

Mat. Trudy, 2025, V. 28, N. 3, P. 63-94



�îìàíîâ Â. �., Áóãóåâà Ò.Â. 71

ϕn(x, t) = ϕ0(x, t) +
1

2

t−x∫

(t−x)/2

σ
(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)|ξ=t−x−τ dτ−

− 1

2

t∫

t−x

σ
(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)|ξ=x−t+τ dτ−

− 1

2

t∫

(x+t)/2

σ
(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)|ξ=t+x−τ dτ, (x, t) ∈ GT . (17)

un(x, t) = α(x) +

t∫

x

ϕn(x, τ) dτ, (x, t) ∈ GT . (18)

Äîêàæåì, ÷òî âñå �óíêöèè un(x, t), ϕn(x, t) óäîâëåòâîðÿþò óñëîâèÿì

|un(x, t) 6 1, n = 0, 1, 2, . . . , (x, t) ∈ GT ,

|ϕn(x, t) 6 3Aηe2ηt 6 A0, n = 0, 1, 2, . . . , (x, t) ∈ GT ,
(19)

àíàëîãè÷íûì îöåíêàì (15).

Ïðè n = 0 âòîðîå íåðàâåíñòâî (19) î÷åâèäíî:

|ϕ0(x, t)| 6 ηA < 3Aηe2ηt 6 A0, (x, t) ∈ GT . (20)

Èñïîëüçóÿ åãî è íåðàâåíñòâî (14), äëÿ �óíêöèè u0(x, t) ïîëó÷àåì îöåíêó

|u0(x, t)| 6 A +

t∫

0

|ϕ0(x, τ)| dτ 6 A+ 3Aη

t∫

0

e2ητ dτ =

= A+
3A

2

[
e2ηt − 1

]
=

A

2

[
3e2ηT − 1

]
6 1, (x, t) ∈ GT . (21)

Îöåíèì �óíêöèþ ϕ1(x, t). Èç �îðìóëû (17), èñïîëüçóÿ íåðàâåíñòâà

(20) è (21), íàõîäèì

|ϕ1(x, t)| 6 Aη + 2η

t∫

0

max
ξ∈Σ(t)

|ϕ0(ξ, τ)| dτ 6

6 Aη + 6Aη2
t∫

0

e2ητ dτ = Aη + 3Aη
[
e2ηt − 1

]
=

= Aη
[
3e2ηt − 2

]
6 3Aηe2ηt 6 A0, (x, t) ∈ GT .

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 63-94

Mat. Trudy, 2025, V. 28, N. 3, P. 63-94



72 Îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ ýëåêòðîäèíàìèêè

Îöåíêà �óíêöèè u1(x, t) âûïîëíÿåòñÿ â òî÷íîñòè òàêæå, êàê â �îðìóëå

(21) �óíêöèè u0(x, t).

Èñïîëüçóÿ äëÿ ïîñëåäóþùèõ ïðèáëèæåíèé ïîäîáíûå âû÷èñëåíèÿ, óáåæ-

äàåìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâ (19) ïðè ëþáîì n.

Äîêàæåì ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ââåä¼ì ðàçíî-

ñòè

un = un+1 − un, ϕn = ϕn+1 − ϕn, n = 0, 1, 2, . . . .

Èñïîëüçóÿ óðàâíåíèÿ (17), (18), íàõîäèì ñîîòíîøåíèÿ

ϕ0(x, t) =
1

2

t−x∫

(t−x)/2

σ
(
ξ, u2

0(ξ, τ)
)
ϕ0(ξ, τ)|ξ=t−x−τ dτ−

− 1

2

t∫

t−x

σ
(
ξ, u2

0(ξ, τ)
)
ϕ0(ξ, τ)|ξ=x−t+τ dτ−

− 1

2

t∫

(x+t)/2

σ
(
ξ, u2

0(ξ, τ)
)
ϕ0(ξ, τ)|ξ=t+x−τ dτ, (x, t) ∈ GT . (22)

ϕn(x, t) =

=
1

2

t−x∫

(t−x)/2

[
σ
(
ξ, u2

n(ξ, τ)
)
ϕn(ξ, τ)− σ

(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)

]∣∣
ξ=t−x−τ

dτ

− 1

2

t∫

t−x

[
σ
(
ξ, u2

n(ξ, τ)
)
ϕn(ξ, τ)− σ

(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)

]∣∣
ξ=x−t+τ

dτ

− 1

2

t∫

(x+t)/2

[
σ
(
ξ, u2

n(ξ, τ)
)
ϕn(ξ, τ)− σ

(
ξ, u2

n−1(ξ, τ)
)
ϕn−1(ξ, τ)

]∣∣
ξ=t+x−τ

dτ,

n = 0, 1, 2, . . . , (x, t) ∈ GT . (23)

un(x, t) =

t∫

x

ϕn(x, τ) dτ, n = 0, 1, 2, . . . , (x, t) ∈ GT . (24)
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Èç óðàâíåíèé (22), (24) â ñèëó (13) èìååì

|ϕ0(x, t)| 6
t∫

0

max
ξ∈Σ(t)

σ(ξ, u2
0(ξ, τ))|ϕ0(ξ, τ)| dτ 6 2η

t∫

0

A0 dτ = 2ηA0
t

1!
,

|u0(x, t)| 6
t∫

0

max
ξ∈Σ(t)

|ϕ0(ξ, τ)| dτ 6 2ηA0T
t

1!
, (x, t) ∈ GT .

(25)

×òîáû îöåíèòü ϕn(x, t) äëÿ n = 1, 2, . . . , ïðåîáðàçóåì ðàâåíñòâî (23).

Äëÿ ýòîãî çàïèøåì ðàçíîñòü σ(ξ, u2
n(ξ, τ))ϕn(ξ, τ)−σ(ξ, u2

n−1(ξ, τ))ϕn−1(ξ, τ)
ñíà÷àëà â âèäå

σ(ξ, u2
n(ξ, τ))ϕn(ξ, τ)− σ(ξ, u2

n−1(ξ, τ))ϕn−1(ξ, τ) =

=
[
σ(ξ, u2

n(ξ, τ))− σ(ξ, u2
n−1(ξ, τ))

]
ϕn(ξ, τ) + σ(ξ, u2

n−1(ξ, τ))ϕn−1(ξ, τ),

à çàòåì, èñïîëüçóÿ ïðåäñòàâëåíèå σ(x, u) = σ0(x) + σ1(x)u
2
, çàïèøåì ìíî-

æèòåëü, ñòîÿùèé ïåðåä ϕn(ξ, τ), â âèäå

σ(ξ, u2
n(ξ, τ))− σ(ξ, u2

n−1(ξ, τ)) = σ1(x)
(
u2
n(ξ, τ)− u2

n−1(ξ, τ)
)
=

= σ1(x)
(
un(ξ, τ)− un−1(ξ, τ)

)(
un(ξ, τ) + un−1(ξ, τ)

)
.

Òàê êàê

|un(x, t)| 6 1, σ1(ξ) 6 η, σ(ξ, u) 6 2η, |ϕn(x, t)| 6 A0,

òî

|σ(ξ, u2
n(ξ, τ))ϕn(ξ, τ)− σ(ξ, u2

n−1(ξ, τ))ϕn−1(ξ, τ)| 6
6 2ηA0|un−1(ξ, τ)|+ 2η|ϕn−1(ξ, τ)|.

Ïîýòîìó èç ðàâåíñòâ (23), (24) íàõîäèì, ÷òî

|ϕn(x, t)| 6
t∫

0

[
2ηA0 max

ξ∈Σ(t)
|un−1(ξ, τ)|+ 2η max

ξ∈Σ(t)
|ϕn−1(ξ, τ)|

]
dτ,

|un(x, t)| 6
t∫

0

max
ξ∈Σ(t)

|ϕn(ξ, τ)| dτ, n = 1, 2, . . . , (x, t) ∈ GT .

(26)

Èñïîëüçóÿ (25), (26), îöåíèì �óíêöèè ϕ1(x, t), u1(x, t).
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|ϕ1(x, t)| 6
t∫

0

[
2ηA0 max

ξ∈Σ(t)
|u0(ξ, τ)|+ 2η max

ξ∈Σ(t)
|ϕ0(ξ, τ)|

]
dτ 6

6

t∫

0

[
2ηA0

(
2ηA0T

τ

1!

)
+ 2η

(
2ηA0

τ

1!

)]
dτ =

= (2η)2
(
A2

0T + A0

)
︸ ︷︷ ︸

=:C

t2

2!
= C

t2

2!
, (x, t) ∈ GT ,

|u1(x, t)| 6
t∫

x

max
ξ∈Σ(t)

|ϕ1(x, τ)| dτ 6 TC
t2

2!
, (x, t) ∈ GT .

Ñ ïîìîùüþ ýòèõ �îðìóë îöåíèì ïîñëåäóþùèå ïðèáëèæåíèÿ. Ïðîâîäÿ âû-

÷èñëåíèÿ, ïîëó÷àåì

|ϕ2(x, t)| 6
t∫

0

[
2A0η max

ξ∈Σ(t)
|u1(ξ, τ)|+ 2η max

ξ∈Σ(t)
|ϕ1(ξ, τ)|

]
dτ 6

6

t∫

0

[
2A0ηCT

τ 2

2!
+ 2ηC

τ 2

2!

]
dτ = C2η

(
A0T + 1

)t3
3!
,

|u2(x, t)| 6
t∫

x

max
ξ∈Σ(t)

|ϕ2(x, τ)| dτ 6 TC2η
(
A0T + 1

)t3
3!
, (x, t) ∈ GT .

|ϕ3(x, t)| 6
t∫

0

[
A0η max

ξ∈Σ(t)
|u2(ξ, τ)|+ 2η max

ξ∈Σ(t)
|ϕ2(ξ, τ)|

]
dτ 6

6

t∫

0

[
2A0ηTC2η

(
A0T + 1

)t3
3!

+ 2ηC2η
(
A0T + 1

)τ 3
3!

]
dτ =

= C(2η)2
(
A0T + 1

)2 t4
4!
,

|u3(x, t)| 6
t∫

x

max
ξ∈Σ(t)

|ϕ3(x, τ)| dτ 6 TC(2η)2
(
A0T + 1

)2 t4
4!
, (x, t) ∈ GT .
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|ϕ4(x, t)| 6
t∫

0

[
2A0η max

ξ∈Σ(t)
|u3(ξ, τ)|+ 2η max

ξ∈Σ(t)
|ϕ3(ξ, τ)|

]
dτ 6

6

t∫

0

[
2A0ηTC(2η)2

(
A0T + 1

)2 τ 4
4!

+ 2ηC(2η)2
(
A0T + 1

)2 τ 4
4!

]
dτ =

= C(2η)3
(
A0T + 1

)3 t5
5!
,

|u3(x, t)| 6
t∫

x

max
ξ∈Σ(t)

|ϕ3(x, τ)| dτ 6 TC(2η)3
(
A0T + 1

)3 t5
5!
, (x, t) ∈ GT .

Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïðîâåðÿþòñÿ îáùèå íåðàâåíñòâà:

|ϕn(x, t)| 6 C(2η)n−1
(
A0T + 1

)n−1 tn+1

(n+ 1)!
6

6 C(2η)n−1
(
A0T + 1

)n−1 T n+1

(n+ 1)!
,

|un(x, t)| 6 TC(2η)n−1
(
A0T + 1

)n−1 tn+1

(n + 1)!
6

6 TC(2η)n−1
(
A0T + 1

)n−1 T n+1

(n+ 1)!
, (x, t) ∈ GT , n = 3, 4, . . . ,

èç êîòîðûõ ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü â îáëàñòè GT ïîñëåäîâà-

òåëüíîñòåé un(x, t), ϕn(x, t). Òàê êàê ýòè ïîñëåäîâàòåëüíîñòè íåïðåðûâíû,
òî îíè ñõîäÿòñÿ ê íåêîòîðûì íåïðåðûâíûì �óíêöèÿì u(x, t), ϕ(x, t) =
ut(x, t). Èç ðàâåíñòâ (8), (10) âûòåêàåò íåïðåðûâíîñòü â GT �óíêöèé v(x, t)
è w(x, t), ñëåäîâàòåëüíî, è �óíêöèè ux(x, t). Òàêèì îáðàçîì, u ∈ C1(GT ).

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ ïðÿìîé çàäà÷è. Ïóñòü ñóùåñòâóþò

äâà íåïðåðûâíî äè��åðåíöèðóåìûå ðåøåíèÿ u1(x, t) è u2(x, t), äëÿ êàæ-

äîãî èç êîòîðûõ âûïîëíåíû íåðàâåíñòâà (15). Îáîçíà÷èì

ũ(x, t) := u1(x, t)− u2(x, t),

ϕ̃(x, t) = ϕ1(x, t)− ϕ2(x, t), ϕ1(x, t) :=
∂u1

∂t
(x, t), ϕ2(x, t) :=

∂u2

∂t
(x, t).

Òîãäà ðàçíîñòè ũ(x, t) è ϕ̃(x, t) óäîâëåòâîðÿþò ñîîòíîøåíèÿì

ũ(x, t) =

t∫

x

ϕ̃(x, τ) dτ, (x, t) ∈ GT , (27)
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ϕ̃(x, t) =
1

2

t−x∫

(t−x)/2

[
σ(ξ, u2

1(ξ, τ))ϕ1(ξ, τ)− σ(ξ, u2
2(ξ, τ))ϕ2(ξ, τ)

]
ξ=t−x−τ

dτ−

− 1

2

t∫

t−x

[
σ(ξ, u2

1(ξ, τ))ϕ1(ξ, τ)− σ(ξ, u2
2(ξ, τ))ϕ2(ξ, τ)

]
ξ=x−t+τ

dτ−

− 1

2

t∫

(x+t)/2

[
σ(ξ, u2

1(ξ, τ))ϕ1(ξ, τ)− σ(ξ, u2
2(ξ, τ))ϕ2(ξ, τ)

]
ξ=t+x−τ

dτ,

(x, t) ∈ GT . (28)

Çàïèøåì ðàçíîñòü σ(ξ, u2
1(ξ, τ))ϕ1(ξ, τ) − σ(ξ, u2

2(ξ, τ))ϕ2(ξ, τ) ñíà÷àëà

â âèäå

σ(ξ, u2
1(ξ, τ))ϕ1(ξ, τ)− σ(ξ, u2

2(ξ, τ))ϕ2(ξ, τ)

= [σ(ξ, u2
1(ξ, τ))− σ(ξ, u2

2(ξ, τ))]ϕ1(ξ, τ) + σ(ξ, u2
2(ξ, τ))ϕ̃(ξ, τ),

à çàòåì ÷ëåí σ(ξ, u2
1(ξ, τ))−σ(ξ, u2

2(ξ, τ)) ïðåäñòàâèì ñëåäóþùåé �îðìóëîé:

σ(ξ, u2
1(ξ, τ))− σ(ξ, u2

2(ξ, τ)) = σ1(ξ)
(
u2
1(ξ, τ)− u2

2(ξ, τ)
)
=

= σ1(ξ)ũ(ξ, τ)
(
u1(ξ, τ) + u2(ξ, τ)

)
.

Òîãäà

|σ(u1(ξ, τ))ϕ1(ξ, τ)− σ(u2(ξ, τ))ϕ2(ξ, τ)| 6 |ũ(ξ, τ)|2A0η + |ϕ̃(ξ, τ)|2η.

Èç ðàâåíñòâà (28) íàõîäèì, ÷òî

|ϕ̃(x, t)| 6 1

2

t−x∫

(t−x)/2

(
|ũ(ξ, τ)|2A0η + |ϕ̃(ξ, τ)|2η

)
ξ=t−x−τ

dτ+

+
1

2

t∫

t−x

(
|ũ(ξ, τ)|2A0η + |ϕ̃(ξ, τ)|2η

)
ξ=x−t+τ

dτ+

+
1

2

t∫

(x+t)/2

(
|ũ(ξ, τ)|2A0η + |ϕ̃(ξ, τ)|2η

)
ξ=t+x−τ

dτ, (x, t) ∈ GT . (29)
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Îáîçíà÷èì

z(t) = max

{
max
x∈Σ(t)

|ũ(x, t)|, max
x∈Σ(t)

|ϕ̃(x, t)|
}
,

ãäå Σ(t) � ñå÷åíèå îáëàñòè GT ïëîñêîñòüþ t = const. Òîãäà èç �îðìóëû
(27) ñëåäóåò íåðàâåíñòâî

|ũ(x, t)| 6
t∫

0

z(τ) dτ, (x, t) ∈ GT , (30)

à èç íåðàâåíñòâà (29) îöåíêà

|ϕ̃(x, t)| 6 2η(A0 + 1)

t∫

0

z(τ) dτ, (x, t) ∈ GT . (31)

�åçóëüòàòîì íåðàâåíñòâ (30) è (31) ÿâëÿåòñÿ èòîãîâîå íåðàâåíñòâî

z(t) 6 κ

t∫

0

z(τ) dτ, t ∈ [0, T ], (32)

â êîòîðîì ïîñòîÿííàÿ κ îïðåäåëÿåòñÿ ðàâåíñòâîì κ = max{1, 2η(A0+1)}.
Èç íåðàâåíñòâà (32) ñëåäóåò, ÷òî z(t) ≡ 0 äëÿ t ∈ [0, T ], îòñþäà ñëåäóåò

ðàâåíñòâî u1(x, t) = u2(x, t) â GT . Òåîðåìà 1 äîêàçàíà.

Òåïåðü âûïèøåì óðàâíåíèå äëÿ �óíêöèè ux(x, t). Îíî ïðèãîäèòñÿ íàì
ïðè èññëåäîâàíèè îáðàòíîé çàäà÷è. Òàê êàê ux(x, t) = [v(x, t)− w(x, t)]/2,
òî óðàâíåíèå äëÿ ux(x, t) èìååò âèä:

ux(x, t) =
α′((x+ t)/2) + α′((t− x)/2)

2
−

− 1

2

t∫

(x+t)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t+x−τ dτ−

− 1

2

t−x∫

(t−x)/2

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=t−x−τ dτ+

+
1

2

t∫

t−x

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|ξ=x−t+τ dτ, (x, t) ∈ GT . (33)
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Â ñèëó (2) èç óðàâíåíèÿ (33) ïðè x = 0 ïîëó÷èì

f(t) = α′(t/2)−
t/2∫

0

[
σ0(ξ) + σ1(ξ)u

2(ξ, t− ξ)
)]
ϕ(ξ, t− ξ) dξ, (34)

Â ðàâåíñòâå (34) ñäåëàåì çàìåíó ïåðåìåííûõ x = t/2, â ðåçóëüòàòå

ïîëó÷èì

f(2x) = α′(x)−
x∫

0

σ
(
ξ, u2(ξ, τ)

)
ϕ(ξ, τ)|τ=2x−ξ dξ, (35)

Â ñèëó (4) èç óðàâíåíèÿ (35) ïðè x = 0 ïîëó÷èì

f(0) = α′(0) = − [σ0(0) + σ1(0)A
2]A

2
, (36)

çàìåòèì, ÷òî â ñèëó ëåììû 1 èìååò ìåñòî íåðàâåíñòâî f(0) < 0.

� 3. Èññëåäîâàíèå îáðàòíîé çàäà÷è

Ïðèìåì, ÷òî â �îðìóëå (2) âûïîëíÿþòñÿ óñëîâèÿ

A1 > 0, A2 > 0, A2
2 − A2

1 > δ > 0.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî �óíêöèè fm(t) ∈ F ,m = 1, 2, åñëè
îíè óäîâëåòâîðÿþò óñëîâèÿì

fm ∈ C[0, T ], fm(0) < 0,

A3
2f1(t)− A3

1f2(t) < 0, A2f1(t)−A1f2(t) > 0, t ∈ [0, T ].
(37)

Çàìå÷àíèå. Äâà ïîñëåäíèõ óñëîâèÿ â (37) ïðè t = 0 ÿâëÿþòñÿ ñëåä-

ñòâèÿìè ïðåäïîëîæåíèÿ â ïðÿìîé çàäà÷å î ïîëîæèòåëüíîñòè �óíêöèé σ0

è σ1, à òàêæå óñëîâèé

2fm(0) + Amσ0(0) + A3
mσ1(0) = 0, m = 1, 2,

âûòåêàþùèìè èç ðàâåíñòâà (35) ïðè x = 0 è A = Am, f = fm, m = 1, 2.
Â ñèëó íåïðåðûâíîñòè �óíêöèé fm(t) óñëîâèÿ â (37) âûïîëíÿþòñÿ òàê-

æå äëÿ äîñòàòî÷íî ìàëûõ çíà÷åíèé t > 0. Òî, ÷òî ýòè íåðàâåíñòâà îñòàþò-
ñÿ âåðíûìè äëÿ âñåõ t ∈ [0, T ] ÿâëÿåòñÿ óñëîâèåì íà �óíêöèè f1(t), f2(t),
ãàðàíòèðóþùèì ïîëîæèòåëüíîñòü σ0(x) è σ1(x) íà îòðåçêå [0, T0/2].
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Òåîðåìà 2. Ïóñòü çàäàíà èí�îðìàöèÿ (2) è �óíêöèè fm(t) ∈ F ,
m = 1, 2. Òîãäà ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî T0 è åäèíñòâåííûé íà-

áîð ïîëîæèòåëüíûõ �óíêöèé σ0 ∈ C[0, T0/2] è σ1 ∈ C[0, T0/2], òàêîé, ÷òî
îáîáù¼ííûå ðåøåíèÿ um ∈ C1(GT0

) çàäà÷è (1) ïðè A = Am, m = 1, 2,
óäîâëåòâîðÿþò óñëîâèþ (2) äëÿ t 6 T0.

Äîêàçàòåëüñòâî òåîðåìû 2. Ïðèìåíèì �îðìóëó Äàëàìáåðà

ê çàäà÷å

∂2um

∂x2
− ∂2um

∂t2
= −σ(x, u2

m)
∂um

∂t
, x > 0, t ∈ (0, T ],

um|x=0 = Am,
∂um

∂x

∣∣∣∣
x=0

= fm(t), t ∈ [0, T ], m = 1, 2.
(38)

�åøåíèå çàäà÷è (38) èìååò âèä

um(x, t) = u0
m(x, t)−

1

2

∫∫

D(x,t)

[
σ(ξ, u2

m(ξ, τ))
∂um

∂t
(ξ, τ)

]
dτdξ, (39)

ãäå

u0
m(x, t) = Am +

1

2

t+x∫

t−x

fm(τ) dτ, m = 1, 2, (40)

D(x, t) = {(ξ, τ) | 0 6 ξ 6 x 6 T/2, t− x+ ξ 6 τ 6 x+ t− ξ}.
Çàïèøåì óðàâíåíèå (39) ñëåäóþùèì îáðàçîì:

um(x, t) = u0
m(x, t)−

1

2

x∫

0

dξ

t+x−ξ∫

t−x+ξ

σ(ξ, u2
m(ξ, τ))ϕm(ξ, τ) dτ,

(x, t) ∈ GT , m = 1, 2, (41)

è ïðîäè��åðåíöèðóåì (41) ïî ïåðåìåííîé t. Òîãäà ïîëó÷èì óðàâíåíèÿ

ϕm(x, t) = ϕ0
m(x, t)−

1

2

x∫

0

[
σ(ξ, u2

m(ξ, t+ x− ξ))ϕm(ξ, t+ x− ξ)−

− σ(ξ, u2
m(ξ, t− x+ ξ))ϕm(ξ, t− x+ ξ)

]
dξ, (x, t) ∈ GT , m = 1, 2, (42)

â êîòîðûõ

ϕ0
m(x, t) =

1

2
[fm(x+ t)− fm(t− x)], m = 1, 2. (43)
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Àíàëîãè÷íî ðàâåíñòâó (35) ìîæåì íàïèñàòü ñîîòíîøåíèÿ äëÿ �óíêöèé

fm(2x):

fm(2x) = α′

m(x)−
x∫

0

σ(ξ, u2
m(ξ, 2x− ξ))ϕm(ξ, 2x− ξ) dξ, m = 1, 2. (44)

Â ðàâåíñòâàõ (44) èñêëþ÷èì α′

m(x) ñ ïîìîùüþ �îðìóëû (4), â ðåçóëü-

òàòå ïîëó÷èì

fm(2x) = −
[
σ0(x) + σ1(x)α

2
m(x)

]
αm(x)

2
−

−
x∫

0

σ(ξ, u2
m(ξ, 2x− ξ))ϕm(ξ, 2x− ξ) dξ, m = 1, 2. (45)

Óðàâíåíèÿ (45) çàïèøåì ñëåäóþùèì îáðàçîì:

σ0(x)Am(x) + σ1(x)A
3
m(x) =

= −σ0(x)
(
αm(x)−Am

)
− σ1(x)

(
α3
m(x)− A3

m

)
− 2fm(2x)−

− 2

x∫

0

σ(ξ, u2
m(ξ, 2x− ξ))ϕm(ξ, 2x− ξ) dξ, m = 1, 2. (46)

Èç (46) íàõîäèì óðàâíåíèÿ

σ0(x) = σ0
0(x)−

− 1

A1A2(A
2
2 − A2

1)

{
A3

2

[
σ0(x)

(
α1(x)−A1

)
+ σ1(x)

(
α3
1(x)− A3

1

)]
+

+ A3
1

[
σ0(x)

(
α2(x)−A2

)
+ σ1(x)

(
α3
2(x)− A3

2

)]

+ 2

x∫

0

[
A3

2σ(ξ, u
2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)−

−A3
1σ(ξ, u

2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ)

]
dξ

}
. (47)

σ1(x) = σ0
1(x)+

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 63-94

Mat. Trudy, 2025, V. 28, N. 3, P. 63-94



�îìàíîâ Â. �., Áóãóåâà Ò.Â. 81

+
1

A1A2(A
2
2 −A2

1)

{
A2

[
σ0(x)

(
α1(x)− A1

)
+ σ1(x)

(
α3
1(x)− A3

1

)]
−

− A1

[
σ0(x)

(
α2(x)−A2

)
− σ1(x)

(
α3
2(x)−A3

2

)]
+

+ 2

x∫

0

[
A2σ(ξ, u

2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)−

−A1σ(ξ, u
2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ) dξ

]
dξ

}
. (48)

â êîòîðûõ

σ0
0(x) =

−2
(
A3

2f1(2x)−A3
1f2(2x)

)

A1A2(A
2
2 − A2

1)
, x ∈ [0, T/2], (49)

σ0
1(x) =

2
(
A2f1(2x)−A1f2(2x)

)

A1A2(A2
2 − A2

1)
, x ∈ [0, T/2]. (50)

Çàìåòèì, ÷òî â ñèëó (37), (49), (50) ñïðàâåäëèâû îöåíêè

σ0
0(x) > 0, σ0

1(x) > 0, x ∈ [0, T/2].

Ïîýòîìó

σ0
0(x) ≥ 2µ, σ0

1(x) ≥ 2µ, x ∈ [0, T/2]. (51)

ãäå

2µ = min

{
min

x∈[0,T/2]
σ0
0(x), min

x∈[0,T/2]
σ0
1(x)

}
> 0.

Óðàâíåíèÿ (47), (48) è (41), (42) ïðè m = 1, 2, îáðàçóþò çàìêíóòóþ

ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ ðåøåíèÿ îáðàòíîé çà-

äà÷è.

Îïðåäåëèì âåêòîð-�óíêöèè

g(x, t) =
(
σ0(x), σ1(x), u1(x, t), u2(x, t), ϕ1(x, t), ϕ2(x, t)

)
,

g0(x, t) =
(
σ0
0(x), σ

0
1(x), u

0
1(x, t), u

0
2(x, t), ϕ

0
1(x, t), ϕ

0
2(x, t)

)
.

(52)

Ïóñòü C(GT ) � ïðîñòðàíñòâî âåêòîðíûõ �óíêöèé g(x, t), â êîòîðîì

íîðìà îïðåäåëÿåòñÿ êàê ìàêñèìóì íîðì êîìïîíåíò, è â í¼ì øàð

‖g− g0‖C(GT ) 6 ‖g0‖C(GT ). (53)
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�àññìîòðèì íà ýòîì ìíîæåñòâå ðàâåíñòâî

Λ(g) = g, (54)

â êîòîðîì êîìïîíåíòû îïåðàòîðà Λ = (Λ1,Λ2, . . . ,Λ6) îïðåäåëåíû �îðìó-

ëàìè

Λ1g(x, t) = σ0
0(x)−

− 1

A1A2(A2
2 − A2

1)

{
A3

2

[
σ0(x)

(
α1(x)−A1

)
+ σ1(x)

(
α3
1(x)− A3

1

)]
+

+ A3
1

[
σ0(x)

(
α2(x)−A2

)
+ σ1(x)

(
α3
2(x)− A3

2

)]
+

+ 2

x∫

0

[
A3

2σ(ξ, u
2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)−

−A3
1σ(ξ, u

2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ)

]
dξ

}
. (55)

Λ2g(x, t) = σ0
1(x)+

+
1

A1A2(A2
2 −A2

1)

{
A2

[
σ0(x)

(
α1(x)− A1

)
+ σ1(x)

(
α3
1(x)− A3

1

)]
−

− A1

[
σ0(x)

(
α2(x)−A2

)
− σ1(x)

(
α3
2(x)−A3

2

)]
+

+ 2

x∫

0

[
A2σ(ξ, u

2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)−

−A1σ(ξ, u
2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ) dξ

]
dξ

}
. (56)

Λ2+mg(x, t) = u0
m(x, t)−

1

2

x∫

0

dξ

t+x−ξ∫

t−x+ξ

σ(ξ, u2
m(ξ, τ))ϕm(ξ, τ) dτ,

(x, t) ∈ GT , m = 1, 2, (57)
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Λ4+mg(x, t) = ϕ0
m(x, t)−

1

2

x∫

0

[
σ(ξ, u2

m(ξ, t+ x− ξ))ϕm(ξ, t+ x− ξ)−

− σ(ξ, u2
m(ξ, t− x+ ξ))ϕm(ξ, t− x+ ξ)

]
dξ, (x, t) ∈ GT , m = 1, 2. (58)

Îáîçíà÷èì C(GT ) � ïðÿìîå ïðîèçâåäåíèå øåñòè ýêçåìïëÿðîâ ïðî-

ñòðàíñòâ C(GT ), êîòîðîå ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì íåïðåðûâ-

íûõ âåêòîð-�óíêöèé ñ íîðìîé

‖g‖C(GT ) = max
16k610

‖gk‖C(GT ). (59)

Òàê êàê g0 ∈ C(GT ), òî âñå âåêòîð-�óíêöèè, îïðåäåë¼ííûå â (52) ÿâ-
ëÿþòñÿ ýëåìåíòàìè C(GT ). �àññìîòðèì â C(GT ) çàìêíóòîå ìíîæåñòâî

RT :=
{
g ∈ C(GT ) |

∥∥g − g0
∥∥
C(GT )

6
∥∥g0
∥∥
C(GT )

}
. (60)

Íà ýòîì ìíîæåñòâå ñïðàâåäëèâû îöåíêè

‖gk‖C(GT ) 6 ‖g‖C(GT ) 6 2‖g0‖C(GT ), k = 1, 6. (61)

Â äàëüíåéøåì äëÿ ñîêðàùåíèÿ çàïèñè áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

‖g‖ âìåñòî ‖g‖C(GT ).

Ïîëîæèì

0 < A∗ 6 Am 6 A∗∗, m = 1, 2, |A2
2 − A2

1| > δ > 0. (62)

Îöåíèì ðàçíîñòè αm(x)−Am è α3
m(x)− A3

m. Òàê êàê α′

m(x) < 0, òî

0 < αm(x) 6 αm(0) = Am.

Òîãäà

|αm(x)−Am| 6
x∫

0

|α′

m(ξ)| dξ 6
1

2

x∫

0

(|σ0(ξ)|+ |σ1(ξ)|α2
m(ξ))αm(ξ) dξ 6

6
1

2
T‖g0‖(1 + A2

m)Am 6
1

2
T‖g0‖(1 + A2

∗∗
)A∗∗ = κ0T‖g0‖,

m = 1, 2, x ∈ [0, T/2], (63)

ãäå κ0 :=
(1 + A2

∗∗
)A∗∗

2
. Äàëåå,
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|α3
m(x)−A3

m| = |αm(x)−Am|(α2
m(x) + Amαm(x) + A2

m) 6

6
3

2
T‖g0‖(1 + A2

∗∗
)A3

∗∗
= κ1T‖g0‖, m = 1, 2, x ∈ [0, T/2], (64)

ãäå κ1 :=
3(1 + A2

∗∗
)A3

∗∗

2
.

Ôóíêöèè σ
(
x, u2

m(x, t)
)
, m = 1, 2, äîïóñêàþò îöåíêó

|σ
(
x, u2

m(x, t)
)
| = |σ0(x) + σ1(x)u

2
m(x, t)

)
| 6

(
2‖g0‖+ 8‖g0‖3

)
=: ν0‖g0‖,

m = 1, 2, (x, t) ∈ GT , (65)

â êîòîðîé ν0 = ν0(‖g0‖) = 2
(
1 + 4‖g0‖2

)
.

Îöåíèì ðàçíîñòè

∣∣A3
2σ(ξ, u

2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)− A3

1σ(ξ, u
2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ)

∣∣ 6
6
∣∣A3

2σ(ξ, u
2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)|+ |A3

1σ(ξ, u
2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ)

∣∣ 6
6 4A3

∗∗
ν0‖g0‖2 = ν1‖g0‖, m = 1, 2, (x, t) ∈ GT , (66)

ãäå ν1 := ν1(‖g0‖) = 4A3
∗∗
ν0‖g0‖.

Èñïîëüçóÿ (55)�(58) è �îðìóëû (63)�(66), îöåíèì ðàçíîñòè

∣∣Λ1g(x, t)− σ0
0(x)

∣∣ 6

6
1

A1A2(A
2
2 −A2

1)

{
A3

2

[
σ0(x)

∣∣α1(x)−A1

∣∣+ σ1(x)
∣∣α3

1(x)− A3
1

∣∣
]
+

+ A3
1

[
σ0(x)

∣∣α2(x)− A2

∣∣ + σ1(x)
∣∣α3

2(x)−A3
2

∣∣
]
+

+ 2

x∫

0

∣∣∣∣A
3
2σ(ξ, u

2
1(ξ, 2x− ξ))|ϕ1(ξ, 2x− ξ)|−

−A3
1σ(ξ, u

2
2(ξ, 2x− ξ))|ϕ2(ξ, 2x− ξ|)

∣∣∣∣ dξ
}

6

6
‖g0‖T
A2

∗
δ

[
4A3

∗∗

(
κ0 + κ1

)
+ ν1

]
= ω1T‖g0‖, x ∈ [0, T/2], (67)

ãäå ω1 :=
4A3

∗∗

(
κ0 + κ1

)
+ ν1

A2
∗
δ

. Àíàëîãè÷íî,

∣∣Λ2g(x, t)− σ0
1(x)

∣∣ 6

6
1

A1A2(A2
2 −A2

1)

{
A2

[
σ0(x)

∣∣α1(x)−A1

∣∣+ σ1(x)
∣∣α3

1(x)− A3
1

∣∣
]
+
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+ A1

[
σ0(x)

∣∣α2(x)− A2

∣∣ + σ1(x)
∣∣α3

2(x)−A3
2

∣∣
]
+

+ 2

x∫

0

∣∣∣∣A2σ(ξ, u
2
1(ξ, 2x− ξ))ϕ1(ξ, 2x− ξ)−

− A1σ(ξ, u
2
2(ξ, 2x− ξ))ϕ2(ξ, 2x− ξ) dξ

∣∣∣∣dξ
}

6

6
‖g0‖T
A2

∗
δ

[
4A∗∗

(
κ0 + κ1

)
+ ν1

]
= ω2T‖g0‖, x ∈ [0, T/2]. (68)

ãäå ω2 :=
4A∗∗

(
κ0 + κ1

)
+ ν1

A2
∗
δ

.

Äàëåå,

∣∣Λ2+mg(x, t)− u0
m(x, t)

∣∣ 6 1

2

x∫

0

dξ

t+x−ξ∫

t−x+ξ

∣∣σ
(
ξ, u2

m(ξ, τ)
)
ϕm(ξ, τ)

∣∣ dτ 6

6 T‖g0‖ω3, (x, t) ∈ GT , m = 1, 2, (69)

ãäå ω3 := ν0. Àíàëîãè÷íî,

∣∣Λ4+mg(x, t)− ϕ0
m(x, t)

∣∣ 6 1

2

x∫

0

(∣∣σ(ξ, u2
m(ξ, t+ x− ξ))ϕm(ξ, t+ x− ξ)|+

+
∣∣σ(ξ, u2

m(ξ, t− x+ ξ))ϕm(ξ, t− x+ ξ)
])

dξ 6

6 Tν0‖g0‖ = T‖g0‖ω4, (x, t) ∈ GT , m = 1, 2. (70)

ãäå ω4 := ν0.
Âûáåðåì ÷èñëî T ′

òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ

T ′ωk 6 1, k = 1, 4, (71)

Òîãäà îïåðàòîð Λ îòîáðàæàåò ìíîæåñòâî RT ′
â ñåáÿ.

Îöåíèì ñíèçó �óíêöèè σ0(x) è σ1(x). Äëÿ ýòîãî âîñïîëüçóåìñÿ �îðìó-
ëàìè (47), (48), (51) è îöåíêàìè (67), (68). Â ðåçóëüòàòå ìîæåì íàïèñàòü

σ0(x) > 2σ0
0(x)− |σ0(x)− σ0

0(x)| > 2µ− ω1T‖g0‖ > µ > 0,

σ1(x) > 2σ0
1(x)− |σ1(x)− σ0

1(x)| > 2µ− ω2T‖g0‖ > µ > 0,
(72)
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ïðè T‖g0‖max{ω1, ω2} 6 µ. Îòñþäà ñëåäóåò, ÷òî êîý��èöèåíòû σ0(x) è
σ1(x) è ïîëîæèòåëüíû ïðè x ∈ [0, T1/2], ãäå

T1 6
µ

‖g0‖max{ω1, ω2}
.

Ïîêàæåì, ÷òî îïåðàòîð Λ, îïðåäåë¼ííûé ðàâåíñòâàìè (57)�(60), ÿâëÿ-

åòñÿ ñæèìàþùèì ïðè äîñòàòî÷íî ìàëîì ïîëîæèòåëüíîì T 6 min(T ′, T1).
Ïóñòü

g1(x, t) =
(
σ1
0(x), σ

1
1(x), u

1
1(x, t), u

1
2(x, t), ϕ

1
1(x, t), ϕ

1
2(x, t)

)
,

g2(x, t) =
(
σ2
0(x), σ

2
1(x), u

2
1(x, t), u

2
2(x, t), ϕ

2
1(x, t), ϕ

2
2(x, t)

)
,

(73)

Îáîçíà÷èì

σk(ξ, (uk
m)

2(x, t)) :=
(
σk
0 (x)+σk

1(x)(u
k
m)

2(x, t)
)
ϕk
m(x, t), k = 1, 2, m = 1, 2.

�àññìîòðèì ðàçíîñòü

σ1(ξ, (u1
m)

2(x, t))ϕ1
m(x, t)− σ2(ξ, (u2

m)
2(x, t))ϕ2

m(x, t) =

=
(
σ1
0(x)− σ2

0(x)
)
ϕ1
m(x, t) + σ2

0(x)
(
ϕ1
m(x, t)− ϕ2

m(x, t)
)
+

+
(
σ1
1(x)− σ2

1(x)
)
(u1

m)
2(x, t)ϕ1

m(x, t)+

+ σ2
1(x)

(
u1
m(x, t)− u2

m(x, t)
)(
u1
m(x, t) + u2

m(x, t)
)
ϕ1
m(x, t)+

+ σ2
1(x)(u

2
m)

2(x, t)
(
ϕ1
m(x, t)− ϕ2

m(x, t)
)
, (x, t) ∈ GT , m = 1, 2,

è, âîñïîëüçîâàâøèñü (61), íàïèøåì îöåíêó

∣∣σ1(ξ, (u1
m)

2(x, t))ϕ1
m(x, t)− σ2(ξ, (u2

m)
2(x, t))ϕ2

m(x, t)
∣∣ 6

6

(
2‖g0‖

∣∣σ1
0(x)− σ2

0(x)
∣∣ + 2‖g0‖

∣∣ϕ1
m(x, t)− ϕ2

m(x, t)
∣∣+

+ 8‖g0‖3
∣∣σ1

1(x)− σ2
1(x)

∣∣ + 16‖g0‖3
∣∣u1

m(x, t)− u2
m(x, t)

∣∣+

+ 8‖g0‖3
∣∣ϕ1

m(x, t)− ϕ2
m(x, t)

∣∣
)

6 4‖g1 − g2‖
(
‖g0‖+ 8‖g0‖3

)
= ν2‖g1 − g2‖,

(x, t) ∈ GT , m = 1, 2, (74)

ãäå ν2 = 4
(
‖g0‖+ 8‖g0‖3

)
.

Îïèðàÿñü íà ðàâåíñòâà (55)�(58), (62)�(65), (74), îöåíèì ðàçíîñòè

Λkg
1(x)− Λkg

2(x), k = 1, 6,

∣∣Λ1g
1(x, t)−Λ1g

2(x, t)
∣∣ 6 1

A1A2(A2
2 − A2

1)

{
A3

2

[(
σ1
0(x)−σ2

0(x)
)(
α1(x)−A1

)
+
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+
(
σ1
1(x)− σ1

2(x)
)(
α3
1(x)− A3

1

)]
+

+ A3
1

[(
σ1
0(x)− σ2

0(x)
)(
α2(x)−A2

)
+
(
σ1
1(x)− σ2

1(x)
)(
α3
2(x)−A3

2

)]
+

+ 2

x∫

0

[
A3

2

(∣∣σ1
(
ξ,
(
u1
1

)2
(ξ, 2x− ξ)

)
− σ2

(
ξ,
(
u2
1

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
1(ξ, 2x− ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u2
1

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
1(ξ, 2x− ξ)− ϕ2

1(ξ, 2x− ξ)
∣∣
)
+

+ A3
1

(∣∣σ1
(
ξ,
(
u1
2

)2
(ξ, 2x− ξ)

)
− σ2

(
ξ,
(
u2
2

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
2(ξ, 2x− ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u2
2

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
2(ξ, 2x− ξ)− ϕ2

2(ξ, 2x− ξ)
∣∣
)]

dξ

}
6

6
T

A2
∗
δ

[
2A3

∗∗
(κ0 + κ1)‖g0‖+ 2A3

∗∗
‖g0‖

(
ν0 + ν2

)]
‖g1 − g2‖ =

= γ1T‖g1 − g2‖, (x, t) ∈ GT , m = 1, 2, (75)

ãäå γ1 =
2A3

∗∗

A2
∗
δ

[
κ0 + κ1 + ν0 + ν2

]
‖g0‖. Àíàëîãè÷íî,

∣∣Λ2g
1(x, t)− Λ2g

2(x, t)
∣∣ 6 1

A1A2(A2
2 −A2

1)
×

×
{
A2

[∣∣σ1
0(x)− σ2

0(x)
∣∣∣∣α1(x)− A1

∣∣ +
∣∣σ1

1(x)− σ2
1(x)

∣∣∣∣α3
1(x)− A3

1

∣∣
]
+

+ A1

[∣∣σ1
0(x)− σ2

0(x)
∣∣∣∣α2(x)− A2

∣∣ +
∣∣σ1

1(x)− σ2
1(x)

∣∣∣∣α3
2(x)− A3

2

∣∣
]
+

+ 2

x∫

0

[
A2

(∣∣σ1
(
ξ,
(
u1
1

)2
(ξ, 2x− ξ)

)
− σ2

(
ξ,
(
u1
1

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
1(ξ, 2x− ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u1
1

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
1(ξ, 2x− ξ)− ϕ2

1(ξ, 2x− ξ)
∣∣
)
+

+ A1

(∣∣σ1
(
ξ,
(
u1
2

)2
(ξ, 2x− ξ)

)
− σ2

(
ξ,
(
u1
2

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
2(ξ, 2x− ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u1
2

)2
(ξ, 2x− ξ)

)∣∣∣∣ϕ1
2(ξ, 2x− ξ)− ϕ2

2(ξ, 2x− ξ)
∣∣
)]

dξ

}
6

6
T

A2
∗
δ

[
2A∗∗(κ0 + κ1)‖g0‖+ 2A∗∗(ν0‖g0‖+ ν2‖g0‖)

]
‖g1 − g2‖ =
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= γ2T‖g1 − g2‖, (x, t) ∈ GT , m = 1, 2, (76)

ãäå γ2 =
2A∗∗

A2
∗
δ

[
κ0 + κ1 + ν0 + ν2

]
‖g0‖.

Äàëåå,

∣∣Λ2+mg
1(x, t)− Λ2+mg

2(x, t)
∣∣ 6

6
1

2

x∫

0

dξ

t+x−ξ∫

t−x+ξ

[∣∣σ1
(
ξ,
(
u1
m

)2
(ξ, τ)

)
− σ2

(
ξ,
(
u2
m

)2
(ξ, τ)

)∣∣∣∣ϕ1
m(ξ, τ)

∣∣+

+
∣∣σ2
(
ξ,
(
u2
m

)2
(ξ, τ)

)∣∣∣∣ϕ1
m(ξ, τ)− ϕ2

m(ξ, τ)
∣∣
]
dτ 6

6
T 2

4

(
2ν2‖g0‖+ ν0‖g0‖

)
‖g1 − g2‖ = γ3T‖g1 − g2‖,

(x, t) ∈ GT , m = 1, 2, (77)

ãäå γ3 := γ3(T ) = T (ν0 + 2ν2)‖g0‖/4,

∣∣Λ4+mg
1(x, t)− Λ4+mg

2(x, t)
∣∣ 6

6
1

2

x∫

0

[∣∣σ1
(
ξ,
(
u1
m

)2
(ξ, t+x−ξ)

)
−σ2

(
ξ,
(
u2
m

)2
(ξ, t+x−ξ)

∣∣∣∣ϕ1
m(ξ, t+x−ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u2
m

)2
(ξ, t+ x− ξ)

)∣∣∣∣ϕ1
m(ξ, t+ x− ξ)− ϕ2

m(ξ, t+ x− ξ)
∣∣+

+
∣∣σ1
(
ξ,
(
u1
m

)2
(ξ, t− x+ ξ)

)
− σ2

(
ξ,
(
u2
m

)2
(ξ, t− x+ ξ)

)∣∣∣∣ϕ1
m(ξ, t− x+ ξ)

∣∣+

+
∣∣σ2
(
ξ,
(
u2
m

)2
(ξ, t− x+ ξ)

)∣∣∣∣ϕ1
m(ξ, t− x+ ξ)− ϕ2

m((ξ, t− x+ ξ)
∣∣
]
dξ 6

6
T

2
(2ν2‖g0‖+ ν0‖g0‖)‖g1 − g2‖ = γ4T‖g1 − g2‖,

(x, t) ∈ GT , m = 1, 2, (78)

ãäå γ4 = (ν0 + 2ν2)‖g0‖/2.
Ïóñòü ρ ∈ (0, 1). Âûáåðåì T0 6 min{T ′, T1} òàêîå, ÷òî âûïîëíÿþòñÿ

íåðàâåíñòâà

T ′

0γk 6 ρ, k = 1, 4.

Òîãäà äëÿ èìååò ìåñòî îöåíêà

‖Λg1 −Λg2‖C(G(T0)) 6 ρ ‖g1 − g2‖C(G(T0)).
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Òàêèì îáðàçîì, Λ ÿâëÿåòñÿ ñæèìàþùèì îòîáðàæåíèåì íà ìíîæåñòâå RT0
.

Â ñèëó ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé íà RT0
ñóùåñòâóåò åäèíñòâåí-

íîå ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ (56). Ïðè ýòîì σ0(x) > 0 è σ1(x) > 0
ïðè x ∈ [0, T0/2].

Òåîðåìà 2 äîêàçàíà.

� 4. Ïðèëîæåíèå

Âûâåäåì óðàâíåíèå (1). �àññìîòðèì óðàâíåíèÿ ýëåêòðîäèíàìèêè

rotH = ε
∂E

∂t
+ j(E), rotE = −µ

∂H

∂t
, (x, t) ∈ R

4, (79)

ãäå H = (H1, H2, H3), E = (E1, E2, E3) � âåêòîðû ìàãíèòíîé è ýëåêòðè-

÷åñêîé íàïðÿæåííîñòåé ïîëÿ, j(E) � ñèëà ýëåêòðè÷åñêîãî òîêà, ε è µ �

ïîëîæèòåëüíûå ïîñòîÿííûå, x = (x1, x2, x3). Ïðèìåì, ÷òî ñèëà òîêà îïðå-
äåëÿåòñÿ ñëåäóþùåé �îðìóëîé:

j(E) =

(
a0(x) +

3∑

i,k=1

aik(x)EiEk(x, t)

)
E(x, t).

�àññìîòðèì ñëó÷àé, êîãäà H = (H1, 0, 0),E = (0, E2, 0) è êîìïîíåíòû

H1 è E2 çàâèñÿò òîëüêî îò îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé x3. Òîãäà

óðàâíåíèå äëÿ j(E) ïðèíèìàåò âèä

j2(E) =

(
a0(x3) + a22(x3)E

2
2(x3, t)

)
E2(x3, t) = j2(x3, E2(x3, t))

è ñèñòåìà óðàâíåíèé (79) ñâîäèòñÿ ê ñèñòåìå èç äâóõ ñêàëÿðíûõ óðàâíåíèé

∂H1

∂x3

= ε
∂E2

∂t
+ j2(x3, E2),

∂E2

∂x3

= µ
∂H1

∂t
, (80)

Èñêëþ÷àÿ èç (80) �óíêöèþ H1, ïîëó÷àåì óðàâíåíèå

∂2E2

∂x2
3

= µε
∂2E2

∂t2
+ µ
(
a0(x3) + 3a22(x3)E

2
2

)∂E2

∂t
.

Îáîçíà÷àÿ x3 = x, u(x, t) = E2(x, t
√
εµ), ïîëó÷èì

∂u

∂t
=

√
εµ

∂E2

∂t
,

∂2u

∂t2
= εµ

∂2E2

∂t2
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è â èòîãå ïîëó÷èì óðàâíåíèå

∂2u

∂x2
3

=
∂2u

∂t2
+

√
µ

ε

(
a0(x3) + 3a22(x3)u

2
)∂u
∂t

.

Îáîçíà÷àÿ

σ0(x) = a0(x)

√
µ

ε
, σ1(x) = 3a22(x)

√
µ

ε
, σ(x, u2) = σ0(x) + σ1(x)u

2,

ïðèõîäèì ê óðàâíåíèþ (1).
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